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ABSTRACT 

Radiative convective equilibrium of the atmosphere with a given distribution of relative humidity is 
computed as the asymptotic state of an initial value problem. 

The results show that it takes almost twice as long to reach the state of radiative convective equilibrinm 
for the atmosphere with a given distribution of relative humidity than for the atmosphere with a given 
distribution of absolute humidity. 

Also, the surface equilibrium temperature of the former is almost twice as sensitive to change of various 
factors such as solar constant, C02 content, Oa content, and cloudiness, than that of the latter, due to the 
adjustment of water vapor content to the temperature variation of the atmosphere. 

According to our estimate, a doubling of the C02 content in the atmosphere has the effect of raising the 
temperature of the atmosphere (whose relative humidity is fixed) by about 2C. Our model does not have the 
extreme sensitivity of atmospheric temperature to changes of C02 content which was adduced by Moller. 
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1. Introduction 

This study is a continuation of the previous study 
of the thermal equilibrium of the atmosphere with a 
convective adjustment which was published in the 
JOURNAL OF THE ATMOSPHERIC SCIENCES (Manabe and 
Strickler, 1964). Hereafter, we shall identify this study 
by M.S. In M.S. the vertical distribution of absolute 
humidity was given for the computation of equilibrium 
temperature, and its dependence upon atmospheric 
temperature was not taken into consideration. How
ever, the absolute humidity in the actual atmosphere 
strongly depends upon temperature. Fig. 1 shows the 
distribution of relative humidity as a function of 
latitude and height for summer and winter. According 
to this figure, the zonal mean distributions of relative 
humidity of two seasons closely resemble one another, 
whereas those of absolute humidity do not. These 
data suggest that, given sufficient time, the atmosphere 
tends to restore a certain climatological distribution 
of relative humidity responding to the change of 
temperature. If the moisture content of the atmosphere 
depends upon atmospheric temperature, the effective 
height of the source of outgoing long-wave radiation 
also depends upon atmospheric temperature. Given a 
vertical distribution of relative humidity, the warmer 
the atmospheric temperature, the higher the effective 
source of outgoing radiation. Accordingly, the de
pendence of the outgoing long-wave radiation is less 
than that to be expected from the fourth-power law of 
Stefan-Boltzman. Therefore, the equilibrium tempera
ture of the atmosphere with a fixed relative humidity 
depends more upon the solar constant or upon ab-

sorbers such as C02 and 0 3, than does that with a 
fixed absolute humidity, in order to satisfy the condi
tion of radiative convective equilibrium. In this study, 
we will repeat the computation of radiative convective 
equilibrium of the atmosphere, this time for an atmo
sphere with a given distribution of relative humidity 
instead of that for an atmosphere with a given distri
bution of absolute humidity as was carried out in M.S. 

As we stated in M.S., and in the study by Manabe 
and Moller (1961), the primary objective of our study 
of radiative convective equilibrium is the incorporation 
of radiative transfer into the general circulation model 
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FIG. 1. Latitude-height distribution of relative humidity for both 
summer and winter (Telegadas and London, 1954). 
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of the atmosphere. Adopting the scheme of the com
putation of radiative· transfer which was developed 
in M.S., Manabe et al. (1965) successfully performed 
the numerical integration of the general circulation 
of the atmosphere involving the hydrologic cycle. In 
order to avoid a substantial increase in the number of 
degrees of freedom, the distribution of water vapor, 
which emerged as the result of the hydrologic cycle 
of the model atmosphere, was not used for the compu
tation of radiative transfer. Instead, the climatological 
distribution of absolute humidity was used. The next 
step is the numerical integration of the model with 
complete coupling between radiative transfer and the 
hydrologic cycle. Before undertaking this project, it is 
desirable to answer the following questions by perform
ing a series of computations of radiative-convective 
equilibrium of the atmosphere with fixed relative 
humidity. 

1) How long does it take to reach a state of thermal 
equilibrium when the atmosphere maintains a 
realistic distribution of relative humidity that is 
invariant with time? 

2) What is the influence of various factors such as 
the solar constant, cloudiness, surface albedo, and 
the distributions of the various atmospheric 
absorbers on the equilibrium temperature of the 
atmosphere with a realistic distribution of relative 
humidity? 

3) What is the equilibrium temperature of the earth's 
surface corresponding to realistic values of these 
factors? 

There is no doubt that this information is indis
pensable for the successful integration of the funda
mental model of the general circulation mentioned above. 

Recently, Moller (1963) discussed the influence of 
the variation of C02 content in the atmosphere on the 
magnitude of long-wave radiation at the earth's surface, 
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and on the equilibrium temperature of the earth's 
surface. Assuming that the absolute humidity is inde
pendent of the atmospheric temperature, he obtained 
an order-of-magnitude dependence of equilibrium 
temperature upon C02 content similar to those obtained 
by Plass (1956), Kondratiev and Niilisk (1960), and 
Kaplan (1960). However, he obtained an extremely 
large dependence for a certain range of temperature 
when he assumed that relative humidity (instead of 
absolute humidity) of the atmosphere was given. One 
shortcoming of this study is that the conclusion was 
drawn from the computation of the heat balance of 
earth's surface instead of that of the atmosphere as a 
whole. Therefore, it seems to be highly desirable to re
evaluate this theory, using as a basis the computation 
of radiative convective equilibrium of the atmosphere 
with a fixed relative humidity. The results are presented 
in this study. 

2. Radiative convective equilibrium 

a. Description of the model. As we explained in the 
previous paper and in the introduction, the radiative 
convective equilibrium of the atmosphere with a given 
distribution of relative humidity should satisfy the 
following requirements: 

1) At the top of the atmosphere, the net incoming 
solar radiation should be equal to the net outgoing 
long-wave radiation. 

2) No temperature discontinuity should exist. 
3) Free and forced convection, and mixing by the 

large-scale eddies, prevent the fapse rate from 
exceeding a critical lapse rate equal to 6.5C km-1

• 

4) Whenever the lapse rate is subcritical, the condi
tion of local radiative equilibrium is satisfied. 

5) The heat capacity of the earth's surface is zero. 
6) The atmosphere maintains the given vertical dis

tribution of relative humidity (new requirement). 
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FIG. 2. Flow chart for the numerical time integration. 
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In the actual computation, the state of radiative 
convective equilibrium is computed as an asymptotic 
state of an initial value problem. Details of the pro
cedure are described in Appendix 1. The :flow chart 
of the marching computation is shown in Fig. 2. In 
this figure e,(T) denotes the saturation vapor pressure 
of water vapor as a function of temperature T, and h 
denotes the relative humidity. r denotes the number of 
the time steps of numerical integration, and I is the 
indexing of the finite differences in the vertical direction. 
(Refer to Appendix 3 for the illustration of levels 
adopted for vertical differencing.) The exact definitions 
of mean emissivity and mean absorptivity are also given 
in M.S., pp. 365-366. 

Since the changes of absolute humidity correspond 
to the change of air temperature, the equivalent heat 
capacity of moist air with relative humidity h may be 
defined as 

[ 
L a (0.622he,(T))J 

Cp'=Cp 1+-·- , 
Cp aT p-he,(T) 

(1) 

where L and CP are the latent heat of evaporation and 
the specific heat of air under constant pressure, respec
tively. The second term in the bracket appears due to 
the change of latent energy of the air. 

The reader should refer to M.S. for the following 
information. 

1) Computation of the flux of long-wave radiation. 
2) Computation of the depletion of solar radiation. 
3) Determination of mean absorptivity and emissi

tivity. 

Some additional explanation of how we determine 
the absorptivity is given in Appendix 2. 

b. Standard distribution of atmospheric absorbers. In 
this subsection, the vertical distributions of water vapor, 
carbon dioxide, ozone, and cloud, which are used for 
the computations of thermal equilibrium, and those of 
heat balance in the following section, are described. 
They are adopted unless we specify otherwise. 

The typical vertical distribution of relative humidity 
can be approximated with the help of the data in Fig. 
3. In this figure, the hemispheric mean of relative 
humidity obtained by Telegadas and London (1954) 
and that of relative humidity obtained by Murgatroyd 
(1960) are shown in the upper and lower troposphere, 
ref,pectively. The stratospheric distributions of relative 
humidity obtained by Mastenbrook (1963) at Minne
apolis and Washington, D. C., are also plotted after 
some smoothing of data. Referring to this figure, the 
following linear function is chosen to represent the 
vertical distribution of relative humidity, i.e., 
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Fm. 3. Vertical distribution of relative humidity (Mastenbrook, 
1963; Murgatroyd, 1960; Telegadas and London, 1954). 

where h* is the relative humidity at the earth's surface, 
equal to 0.77, Q= p/ p*, and p* is surface pressure. 
When Q is smaller than 0.02, Eq. (2) gives negative 
value of h. Therefore, it is necessary to specify the 
humidity distribution for small Q values. According 
to the measurements by Mastenbrook (1963) and 
Houghton (1963), the stratosphere is very dry and its 
mixing ratio is approximately 3X.10-6 gm gm-1 of air. 
We have therefore assumed that the'minimum value of 
mixing ratio rmin to be 3X 10-6 gm gin-1 of air, i.e., if 

(
- 0.622he.(T)) 

r(T,h) - <rmin, 
p-he,(T) 

(3) 

set 
r=rmin(=3Xl0-6 gm gm--1 of air). 

The mixing ratio of carbon dioxide in the atmosphere 
is assumed to be constant. The mixing ratio adopted 
for the present computation is 0.0456% by weight 
(300 ppm by volume). 

The vertical distribution of ozone which is used for 
the computation is shown in Fig. 4. This data is ob
tained by Herring and Borden (1965) using chemi
luminescent ozonesondes for the period September 
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FiG. 4. Vertical distribution of ozone at 35N, April (Herring 
and Borden, 1965), normalized by the total amount from London 
(1962). 

1963 to August 1964. The vertical distribution at 
3SN, April, is taken from the figure of his paper, and is 
normalized to the total amount of ozone obtained by 
London (1962). 

The heights, albedo, and the amounts of cloud 
adopted for the computation are tabulated in Table 1. 
The albedo of the earth's surface is assumed to be 0.102. 

TABLE 1. Cloud characteristics employed in radiative 
convective equilibrium model. 

Height 
Cloud (km) Amount Albedo 

High 10.0 0.228 0.20 
Middle 4.1 0.090 0.48 
Low 

top 2.7 0.313 0.69 
bottom 1.7 

c. Hergesell's problem and radiative convective equi
librium. Before discussing the results of the study of 
radiative convective equilibrium in detail, we shall 
briefly discuss the problem of pure radiative equilibrium 
(no convection) of the atmosphere with a given dis
tribution of relative humidity. This problem was first 
investigated by Hergesell (1919) who criticized Emden's 
solution of pure radiative equilibrium because it allows 
a layer of supersaturation. Using the assumption of grey 
body radiation, he obtained, numerically, the state 
of pure radiative equilibrium of the atmosphere with a 
realistic distribution of relative humidity. The at
mosphere in pure radiative equilibrium thus obtained· 
is almost isothermal, and its temperature is extremely 
low due to the self-amplification effect of water vapor 
on the equilibrium temperature of the atmosphere. 
(For example, since the water content of the atmosphere 
decreases with decreasing temperatur~, the greenhouse 
effect of the atmosphere decreases, and so on.) Fig. 5 
shows the solution of this problem which is obtained 
by our method without using the assumption of grey 
body radiation (cloudiness= O). Although the surface 
equilibrium temperature is much higher than that 
obtained by Hergesell due to the effect of line center 
absorption, a sharp decrease of temperature with 
increasing altitude appears near the ground, and the 
temperature of the troposphere is much lower than 
that which is obtained for the atmosphere with a 
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FIG. 5. Solid line, radiative equilibrium of the clear atmosphere 
with the given distribution of relative humidity; dashed line, 
radiative equilibrium of the clear atmosphere with the given 
distribution of absolute humidity; dotted line, radiative convective 
equilibrium of the atmosphere with the given distribution of 
relative humidity. 
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FIG. 6. Approach of vertical mean temperature toward the state of equilibrium. Atmosphere I 
(dotted line), Atmosphere II (dashed line), Atmosphere III (solid line). 

realistic distribution of absolute humidity. This is 
shown in the same figure. For the sake of comparison, 
the distribution of equilibrium temperature with 
convective adjustment is also shown in the figure. 
The distribution of humidity adopted for this compu
tation is given by Eqs. (2) and (3). 

This comparison clearly demonstrates the role of 
convective adjustment in maintaining the existing dis
tribution of atmospheric temperature. Without this 
effect, the temperature of the troposphere as well as 
the height of the tropopause would have been unrealisti
cally low due to the positive feedback effect of water 
vapor on the air temperature, which we discussed in 
the introduction. 

d. Approach towards the equilibrium state. It should 
take longer for the atmosphere with a given distribution 
of relative humidity than for the atmosphere with a 
given distribution of absolute humidity 1.o reach the 
state of thermal equilibrium. Two of the reasons for 
this difference are as follows: 

1) As we explained in the introduction, the de
pendence of outgoing radiation of the atmosphere with 
a given distribution of relative humidity depends less 
on the atmospheric temperature than does that of an 
atmosphere with a given distribution of absolute 
humidity. Accordingly, the speed of approach towards 
the equilibrium state is significantly less. 

2) Since the vertical distribution of relative humidity 
is constant throughout the course of the time integra
tion, absolute humidity depends upon the atmospheric 
temperature, and the variation of absolute humidity 
involves the variation of the latent energy of the air. 
Therefore, the effective heat capacity of the air with 

the given relative humidity is larger than the heat 
capacity of dry air. Accordingly, the speed of approach 
is slower. 

In Fig. 6, the approaches of each of three idealized 
atmospheres towards the equilibrium are shown. 
These are as follows: 

Atmosphere I: Vertical distribution of absolute 
humidity is constant with time. 

Atmosphere II: Vertical distribution of relative 
humidity is constant with time. The heat capacity 
of the air is assumed to be 0.24 cal gm-1, i.e., the heat 
capacity of dry air. 

Atmosphere III: Vertical distribution of relative 
humidity is constant with time. The effective heat 
capacity of air which is given by Eq. (1) is adopted. 

Two initial conditions which are chosen for the time 
integrations shown in Fig. 6 are obtained by adding 
15K to the temperature distribution of radiative 
convective equilibrium. 

Because of the first of the two reasons mentioned 
above, it takes about 1.5 times longer for Atmosphere 
II than for Atmosphere I to reach the state of equi
librium; and it takes even longer for Atmosphere III 
to reach equilibrium due to the second reason described 
above. In short, "the radiation-condensation relaxa
tion" is much slower than pure radiation relaxation. 
Therefore, it is probable that the radiation-condensa
tion relaxation is one of the important factors in 
determining the seasonal variation of atmospheric 
temperature. Also, Fig. 6 shows that it takes longer for 
the warm atmosphere to reach the state of equilibrium 
than for the cold atmosphere. This result suggests that 
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FIG. 7. Solar constant and surface temperature of radiative 
convective equilibrium. Solid line and dashed line show the case 
of fixed relative humidity and that of fixed absolute humidity, 
respectively. Insolation of summer and that of winter is obtained 
by taking the mean value for the period of June-July-August, 
and that of December-January-February. 

it is not advisable to perform the numerical integration 
of the general circulation model by starting from the 
very warm initial condition. 

3. Solar constant and radiative convective equi
librium 

a. Thermal equ·ilibrium for various solar constants. 
One of the most fundamental factors which determines 
the climate of the earth is the solar constant. In order 
to evaluate the effect of the solar constant upon the 
climate of the earth's surface, a series of computations 
of thermal equilibrium was performed. Fig. 7 shows 
the dependence of the surface equilibrium temperature 
upon the solar constant for both the atmosphere with 
a given distribution of relative humidity, and that 
with a given distribution of absolute humidity. 

According to this figure, the equilibrium temperature 
of the atmosphere with a given distribution of relative 
humidity is twice as sensitive to the change of the solar 
constant as that with a given distribution of absolute 
humidity in the range of temperature variation of 
middle latitudes. This difference in the sensitivity 
decreases with decreasing temperature. When the 
temperature is very low, say 240K, the difference is 
practically negligible, because the mixing ratio of water 
vapor is extremely small. On the other hand, the 
equilibrium temperature is very sensitive to the 
change of the solar constant when the temperature is 
much above 300K. This result clearly demonstrates 
the self-amplification effect of water vapor on the 
equilibrium temperature of the atmosphere with a 
given distribution of relative humidity. As a reference, 
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FIG. 8. Vertical distribution of radiative convective equilibrium 
temperature of the atmosphere with a given distribution of relative 
humidity for various values of the solar constant. 

the vertical distributions of equilibrium temperature 
corresponding to various values of the solar constant 
are shown in Fig. 8. 

b. Outgoing radiation and atmospheric temperature. 
In order to satisfy the condition of thermal equilibrium, 
the variation of the solar constant must be compensated 
for by a corresponding change of the outgoing long-wave 
radiation at the top of the atmosphere. In this sub
section, we shall investigate the dependence of outgoing 
radiation on atmospheric temperature in order that we 
may understand the results described just above. 

In Fig. 9, various vertical distributions of tempera
ture adopted for the present computations are shown, 
and in Fig. 10, the upward long-wave radiation at the 
top of the atmosphere is plotted versus the temperature 
of the earth's surface T *' The distribution of relative 
humidity, cloudiness, and other atmospheric absorbers 
adopted for this computation are described in Section 
2b. In Fig. 9 curves representing blackbody radiation 
temperatures T*, (T*-10), (T*-20), (T*-30), and 
(T *-50) are also drawn for the sake of comparison. 
According to this comparison, the outgoing long-wave 
radiation at the top of the atmosphere with a given 
distribution of relative humidity depends less upon 
the atmospheric temperature than is expected from 
the fourth-power law of Stefan-Boltzmann. 

As we explained in the introduction, the deviation 
from the fourth-power law is mainly due to the de
pendence of the effective source of outgoing radiation 
upon the temperature of the atmosphere~ This result 
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explains why the atmosphere with the fixed distribution 
of relative humidity is more sensitive to the variation 
of solar radiation than the atmosphere with the fixed 
distribution of absolute humidity. 

4. Equilibrium temperature and atmospheric ab
sorbers 

In this section, we shall discuss the dependence of 
equilibrium temperature upon the vertical distribution 
of atmospheric absorbers such as water vapor, carbon 
dioxide, ozone, and cloud. It is hoped that the results 
of this section will be useful for evaluating the possi
bility of various climatic changes in the earth's at
mosphere. 

a. Tropospheric relative humidity. In order to evaluate 
the dependence of equilibrium temperature upon the 
distribution of relative humidity of the atmosphere, a 
series of computations of thermal equilibrium was 
performed for various distributions of relative humid
ity. The vertical distribution of relative humidity 
adopted for this series of computations is described by 
Eqs. (2) and (3), except that we assigned various 
values to h*. For the distribution of other gaseous 
absorbers and clouds, see Section 2b. 

Fig. 11 shows the vertical distributions of equilibrium 
temperature corresponding to h* values of 0.2, 0.6, and 
1.0. The following features are noteworthy. 
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FIG. 9. Vertical distributions of temperature adopted for the 

computation of radiative flux shown in Fig. 10. 

1) The higher the tropospheric relative humidity, 
the warmer is the equilibrium temperature of the 
troposphere. 

2) The equilibrium temperature of the stratosphere 
depends little upon th~ tropospheric relative 
humidity. 

Table 2 shows the dependence of the net upward 
radiation at the top of the atmosphere RL, and that 
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FIG. 10. Net long-wave radiation at the top of the atmosphere for the set of temperature distributions 

shown in Fig. 9. Thin lines in the background show the black body radiation at the tem
peratures (T*-10), (T*-20), (T*-30), (T*-40), and (T*-50). 
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FIG. 11. Vertical distributions of radiative convective equilibrium 
temperature for various distributions of relative humidity. 

of the surface equilibrium temperature T * • upon the 
relative humidity of the earth's surface. Based upon 
this table, it is possible to obtain the following approxi
mate relationship between T *•and h*: 

iJT*• 
___ J_'~0.133, 
iJ(lOOh*) 

the units being degrees Celsius per unit percentage 
change of relative humidity, and where 1.0~h*~0.2. 
This table also indicates that the net outgoing radiation 
depends very little upon the tropospheric relative hu
midity. This is why the dependence of stratospheric 
temperature upon tropospheric relative humidity is so 
small. 

b. Water vapor in the stratosphere. Recently, a panel 
on weather and climate modification appointed by the 
National Academy of Science (1966) suggested that the 
temperature of the earth's atmosphere may be altered 
significantly by an increase of stratospheric water 

TABLE 2. Variation of surface equilibrium temperature T*• 
and net upward radiation at the top of the atmosphere RL for 
various values of the relative humidity at the earth's surface h*. 

RL 
h* . T*• (ly min-1) 

0.2 278.1 0.3214 
0.6 285.0 0.3274 
1.0 289.9 0.3313 
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FIG. 12. Vertical distributions of radiative convective equi
librium temperature for various values of water vapor mixing 
ratio in the stratosphere. 

vapor anticipated with an increasing number of super
sonic transport aircraft flights. It should be useful to 
evaluate the effect of the variation of stratospheric 
water vapor upon the thermal equilibrium of the at
mosphere, with a given distribution of relative humidity. 
The distribution of humidity adopted for this series 
of computations is given by Eqs. (2) and (3), except 
that the absolute humidity of the stratosphere rmin is 
different for each experiment. 

The values of rmin chosen for this series of computa
tions are 3Xl0-6, 1sx10-6, and 75Xl0-6 gm gm-1 of 
air. Figs. 12 and 13 show the states of thermal equi
librium thus computed, and the corresponding vertical 
distributions of water vapor mixing ratio. Examination 
of Fig. 12 reveals the following features. 1 

1) The larger the stratospheric mixing ratio rmin, the 
warmer is the tropospheric temperature. 

2) The larger the water vapor mixing ratio in the 
stratosphere, the colder is the stratospheric tem
perature. 

' Qualitatively similar conclusions were obtained for the atmo
sphere with a given distribution of absolute humidity [see M. S. 
and Manabe and Moller (1961)]. 
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3) The dependence of the equilibrium temperature 
in the stratosphere upon the stratospheric water 
vapor mixing ratio is much larger than that in the 
troposphere. 

Table 3 shows the equilibrium temperature of the 
earth's surface corresponding to various water vapor 
mixing ratios in the stratosphere. Recent measurements 
by Mastenbrook (1963) and others suggest that the 
mixing ratio in the atmosphere is about 3Xl0-6 

gm gm-1 of air. According to this table, a 5-fold increase 
of stratospheric water vapor over its present value 
would increase the temperature of the earth's surface 
by about 2.0C. It is highly questionable that such a 
drastic increase of stratospheric water vapor would 
actually take place due to the release of water vapor 
from the supersonic transport. Recently, Manabe et al. 
(1965) performed a numerical experiment of the general 
circulation model of the atmosphere with the hydrologic 
cycle. They concluded that, in the model atmosphere, 
the large-scale quasi-horizontal eddies are very effective 
in removing moisture from the high- and middle-latitude 
stratosphere by freezing out near the cold equatorial 
tropopause. Their results must be viewed with caution, 
however, because their computation involves a large 
truncation error in evaluating vertical advection of 
water vapor in the upper troposphere and the lower 
stratosphere. This study, nonetheless, suggests the 
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FIG. 13. Vertical distribution of water vapor mixing ratio corre
sponding to the equilibrium status shown in Fig. 12. 

TABLE 3. The variation of the equilibrium temperature of 
the earth's surface T * • with stratosphere water vapor mixing 
ratio Tmin· 

Tmin T*• 
(gm gm-1) (oK) 

3X10-6 288.4 
1sx10-• 290.4 
7SX 10-6 296.0 

possible importance of dynamical process in the water 
balance of the stratosphere. 

c. Carbon dioxide. As we mentioned in the intro
duction, Moller (1963) discussed the influence of the 
change of C02 content in the atmosphere with a given 
value of relative humidity on the temperature of the 
earth's surface. He computed the magnitudes of down
ward long-wave radiation corresponding to various 
C02 contents, and estimated the change of surface 
temperature required to compensate for the change 
of net downward radiation due to the change of C02 

content. His results suggest that the increase in the 
water content of the atmosphere with increasing 
temperature causes a self-amplification effect, which 
results in an almost arbitrary change of temperature 
at the earth's surface. In order to re-examine Moller's 
computation by use of the present scheme of computing 
radiative transfer, the net upward long-wave radiation 
into the atmosphere with given distributions of relative 
humidity was computed for various distributions of 
surface temperature as shown in Fig. 9. The vertical 
distribution of cloudiness and that of relative humidity 
have already been specified in Section 2b. In Fig. 14, 
the magnitude of net radiation thus computed is 
plotted versus the temperature of the earth's surface. 
For the sake of comparison, the magnitudes of net 
flux obtained by using the formulas proposed by 
Moller (1963), BerlGtnd and Berliand (1952), and Boltz 
and Falkenberg (1950) are added to the same figure. 
The relative humidity at the earth's surface needed 
for these computations is assumed to be 773. Moller 
(1963) and Berliand and Berliand (1952) obtained their 
empirical formulas from radiation chart computations, 

.2 ______ ...._ ________ ..... ___ _ 

i .1~ 
' 

lllT OffllOllS UDIATIOI AT 111! EAITH'S SUlfACE 0.=.771 

.o --2 ... 7-0----~----~-----300----...11310 

SOIFACE TEIPEIATUIE (°K) 

FIG. 14. Values of net upward long-wave radiation at the 
earth's surface which are computed from the empirical formulas 
obtained by various authors as well as the values ft om the present 
contribution. 
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whereas Boltz and Falkenberg (1950) obtained their 
empirical formula using measurements with a carefully 
calibrated vibrational pyranometer. Our comparison 
shows the results obtained by the various methods to be 
fairly consistent. Generally speaking, the dependence 
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TABLE 4. Equilibrium temperature of the earth's surface 
· (°K) and the C02 content of the atmosphere. 

Average cloudiness Clear 
C02 Fixed Fixed Fixed Fixed 

content absolute relative absolute relative 
(ppm) humidity humidity humidity humidity 

150 289.80 286.11 298.75 304.40 
300 291.05 288.39 300.05 307.20 
600 292.38 290.75 301.41 310.12 

of net radiation upon temperature is small. It increases 
or decreases with increasing temperature depending 
upon the method of computation. For example, the 
results of the present computation and those of Berlfand 
indicate that the net upward radiation decreases 
monotonically with increasing surface temperature for 
the ordinary range of temperature. If one discusses 
the effect of carbon dioxide upon the climate of the 
earth's surface based upon these results, one could 
conclude that the greater the amount of carbon dioxide, 
the colder would be the temperature of the earth's 
surface, i.e., to compensate for the increase of downward 
radiation due to the increase of carbon dioxide, it is 
necessary to have a lower temperature. On the other 
hand, the result of Boltz and Falkenberg (1950) may 
lead us to the opposite conclusion for temperatures 
above 290K. As Moller (1963) S'l;lspected, these results 
do not always indicate the extreme sensitivity of the 
actual earth's climate. The basic shortcoming of this 
line of argument may be that it is based upon the heat 
balance only of the earth's surface, instead of that of 
the atmosphere as a whole. In Fig. 15, the net upward 
long-wave radiation at the top of the atmosphere, to
gether with that at the earth's surface, are plotted 
against the temperature of the earth's surface. As we 
have already discussed in Section 3b, the former in
creases significantly with increasing temperature in 
contrast to the latter. In order to compensate for the 
decrease of net outgoing radiation at the top of the 
atmosphere due to the increase of. C02 content, it is 
necessary to increase the atmospheric temperature. 
Therefore, one may expect that the larger the C02 
content in the atmosphere, the warmer would be the 
temperature of the earth for the ordinary range of 
atmospheric temperature. This result is not in agree
ment with the conclusion which we reached based 
upon the earth's surface. 

TABLE 5. Change of equilibrium temperature of the earth's 
surface corresponding to various changes of C02 content of the 
atmosphere. 

Change Fixed absolute Fixed relative 
of C02 humidity humidity 
content Average Average 
(ppm) cloudiness Clear cloudiness Clear 

300-> 150 -1;25 -1.30 -2.28 -2.80 
300->.600 +1.33 +1.36 +2.36 2,!)2 
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In order to obtain the complete picture, it is also 
necessary to consider the effect of convection. There
fore, a series of radiative convective equilibrium 
computations were performed. Fig. 16 shows the vertical 
distributions of equilibrium temperature corresponding 
to the three different C02, i.e., 150, 300, and 600 ppm 
contents by volume. In this figure, the following features 
are noteworthy: 

1) The larger the mixing ratio of carbon dioxide, the 
warmer is the equilibrium temperature of the 
earth's surface and troposphere. 

2) The larger the mixing ratio of carbon dioxide, the 
colder is the equilibrium temperature of the 
stratosphere. · 

3) Relatively speaking, the dependence of the 
equilibrium temperature of the stratosphere on 
C02 content is much larger than that of tropo
spheric temperature. 

Table 4 shows the equilibrium temperature of the 
earth's surface corresponding to various C02 contents 
of the atmosphere, and Table 5 shows the change of 
surface equilibrium temperature corresponding to the 
change of C02 content. In these tables, values for both 
the atmosphere with given distribution of absolute 
humidity, and that with the given distribution of 
relative humidity are shown together. According to this 
comparison, the equilibrium temperature of the former 
is almost twice as sensitive to the change of C02 
content as that of the latter, but not as sensitive as 
the results of Moller suggest. These results indicate 
that the extreme sensitivity he obtained was mainly 
for the reason already stated. 

Although our method of estimating the effect of 
overlapping between the 15-µ band of C02 and the 
rotation band of water vapor is rather crude, we believe 
that the general conclusions which have been obtained 
here on the atmosphere with a fixed relative humidity 
should not be altered by this inaccuracy. It is inter
esting to note that the dependencies of surface tem
perature on the C02 content, which were obtained by 
Moller (1963) and present authors for the atmosphere 
with a fixed relative humidity, agree reasonably well 
with each other (see Table 6 for Moller's results). 

d. Ozone. States of thermal equilibrium were com
puted for three different distributions of ozone as 
shown in Fig. 17. These distributions were read off 

TABLE 6. Change of equilibrium temperature of the earth's 
surface corresponding to various changes of C02 content of the 
atmosphere [computed by Moller using the absorption value of 
Yamamoto and Sasamori (1958)]. 

Variation of 
C02 content 

(ppm) 

300--> 150 
300--> 600 

Fixed absolute humidity 
Average 

cloudiness Clear 
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OZONE AMOUNT (10-4 cm/ km at STP) 
Fm. 17. Vertical distribution of Oa adopted for the computation 

of radiative equilibrium shown in Fig. 18. Vertical distribution 
(Herring and Borden, 1965); total amount (London, 1962). 

from the results which were obtained by Herring and 
Borden (1965), using the chemiluminescent ozonesonde. 
The total amounts of ozone are adjusted such that they 
coincide with those obtained by London (1962). 
Among the three distributions shown in the figure, 
the total amount for ON, April, is a minimum, and that 
for 80N, April, a maximum. Fig. 18 shows the vertical 
distribution of equilibrium temperature corresponding 
to each ozone distribution. The following features are 
noteworthy : 

1) The larger the amount of ozone, the warmer is 
the temperature of troposphere and the lower 
stratosphere, and the colder is the temperature 
of the upper stratosphere. 

2) The influence of ozone distribution upon equi
librium temperature is significant in the strato
sphere, but is small in the troposphere. 

3) As we pointed out in M.S., the ozone distribution 
of ON, April, tends to make the tropopause height 
higher and the tropopause profile sharper than 
those of SON, April. As reference, equilibrium 
temperatures of the earth's surface as well as the 
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total amounts for the three distributions adopted 
here are tabulated in Table 7. 

e. Surface albedo. A series of thermal equilibrium 
states of the atmosphere with the given distribution 
of relative humidity was computed for various albedos 
of the earth's surface. Fig. 19 shows th·e results. Ex
amination of this figure reveals the following features: 

1) The larger the value of albedo of the earth's 
surface, the colder the temperature of the at-
mosphere. · 

2) The influence of the surface albedo decreases with 
increasing altitude. It is a maximum at the earth's 
surface, and is almost negligible at the 9-mb level. 

Table 8 shows the surface equilibrium temperature 
T * • for various values of surface albedo a*. According 
to this table, the sensitivity of the equilibrium tern-

TABLE 7. Equilibrium temperatures of the earth's 
surface for three ozone distributions. 

Latitude, Total amount Oa T*• 
month (cm, STP) (oK) 

ON, April· 0.260 287.9 
40N, April 0.351 288.8 
SON, April 0.435 290.3 
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FIG. 19. Vertical distributions of radiative convection equilibrium 

for various values of surface albedo. 

perature of the earth's surface on the surface albedo 
may be approximately expressed by 

aT*•/o(lOOa*)= -1, 

where the units are degrees Celcius change per unit 
pei;centage change of surface albedo. 

Again, this sensitivity is almost twice as large as that 
of the atmosphere with a fixed absolute humidity for the 
ordinary range of solar constant. 

f. Cloudiness. A series of thermal equilibrium compu
tations was performed for various distributions of 
cloudiness. The equilibrium temperatures of the earth's 
surface for a variety of cloud distributions are tabu
lated in Table 9 and shown in Fig. 20. 

Generally speaking, the larger the cloud amount, 
the colder is the equilibrium temperature of the earth's 
surface, though this tendency decreases with increasing 
cloud height and does not always hold for cirrus. 
The equilibrium temperature of the atmosphere with 
average cloudiness specified in the table is about 20.7C 
colder than that for a clear atmosphere. This difference 
is significantly larger than the difference of about 

TABLE 8. Surface equilibrium temperatures T * • for 
various values of surface albedo °'*. 

Albedo T.,.• 
0.00 297.2 
0.20 276.4 
0.40 253.2 
0.60 227.0 
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TABLE 9. Effect of cloudiness on surface equilibrium tem-
perature T * •. FB and HB refer to full black and half black, 
respectively. 

Cloudiness 
Experiment (amount) T*• 

no. High Middle Low (oK) 

Cl O.OOO(HB) 0.072(FB) 0.306(FB) 280.1 
C2 O.SOO(HB) 0.072(FB) 0.306(FB) 281.6 
C3 1.000(HB) 0.072(FB) 0.306(FB) 284.2 

Cl O.OOO(FB) 0.072 (FB) 0.306(FB) 280.l 
C4 O.SOO(FB) 0.072(FB) 0.306(FB) 298.4 
cs 1.000(FB) 0.072(FB) 0.306(FB) 318.0 

C6 0.218(FB) O.OOO(FB) 0.306(FB) 290.S 
C7 0.218(FB) 0.500(FB) 0.306(FB) 271.5 
cs 0.218(FB) 1.000(FB) 0.306(FB) 251.8 

C9 0.218(FB) 0.072(FB) O.OOO(FB) 311.3 
ClO 0.218(FB) 0.072(FB) O.SOO(FB) 272.0 
Cll 0.218(FB) 0.072(FB) 1.000(FB) 229.3 

C12 0.000 0.000 0.000 307.8 
C13 0.218(FB) 0.072(FB) 0.306(FB) 287.1 

13C, which was obtained for the atmosphere with a 
fixed absolute humidity (see M.S.). The dependence 
of equilibrium temperature of the earth's surface on 
the amount of low (CL) middle (CM), and high (CR) 
clouds may be expressed by the following equations: 

aT *•/a(100CL)= -8.2 

oT*•/iJ(lOOCM)= -3.9 

aT *•/iJ[lOOCa(FB)]= +0.17 

ar *•/a[lOOCR(HB)]= +0.04. 

All units are in degrees Celcius change per unit per
centage increase in cloudiness. FB and HB refer to full 
black and half black, respectively. 

The reader should refer to Section 2b for the albedo 
of each cloud type and the distributions of the gaseous 
absorbers adopted for this computation. Whether 
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low cloud). FB and HB refer to full black and half black, 
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cirrus clouds heat or cool the equilibrium temperature 
depends upon both the height and the blackness of 
cirrus cloud. This subject was previously discussed in 
M.S. 

Relatively speaking, the influence of cloudiness upon 
the equilibrium temperature is more pronounced in the 
troposphere than in the stratosphere, where the influ
ence decreases with increasing altitude. (Refer to Figs. 
21 and 22, which show the vertical distribution of 
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equilibrium temperatures for various distributions of 
cloudiness.) Accordingly, middle and low clouds have a 
tendency to lower the height of the tropopause. 

5. Summary and conclusions 

1) A series of radiative convective equilibrium corn-· 
putations of the atmosphere with a given distribution 
of relative humidity were performed successfully. 

2) Generally speaking, the sensitivity of the surface 
equilibrium temperature upon the change of various 
factors such as solar constant, cloudiness, surface 
albedo, and C02 content are almost twice as much for 
the atmosphere with a given distribution of relative 
humidity as for that with a given distribution of 
absolute humidity. 

3) The speed of approach towards the state of 
equilibrium is half as much for the atmosphere with a 
given distribution of relative humidity as for that with 
the given distribution of absolute humidity. In other 
words, the time required for radiation-condensation 
relaxation is much longer than that required for radia
tion relaxation of the mean atmospheric temperature. 

4) Doubling the existing C02 content of the at
mosphere has the effect of increasing the surface tem
perature by about 2.3C for the atmosphere with the 
realistic distribution of relative humidity and by about 

l.3C for that with the realistic distribution of absolute 
humidity. The present model atmosphere does not have 
the extreme sensitivity of atmospheric temperature 
to the C02 content which Moller (1963) encountered 
in his study when the atmosphere has a given dis
tribution of relative humidity. 

5) A five-fold increase of stratospheric water vapor 
from the present value of 3Xl0-6 gm grn-1 of air 
causes an increase of s,urface .. <:quilibriurn temperature 
of about 2.0C, when the ve'rtiCal distribution of relative 
humidity is fixed. Its effect on the equilibrium tem
perature of the stratosphere is larger than that of 
troposphere. 

6) The effects of cloudiness, surface albedo, and 
ozone distribution on the equilibrium temperature 
were also presented. 
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Al,PENDIX 1 

Detail of the Method of Convective Adjustment 

Since we did not describe the detail of the method of 
convective adjustment in M.S., we shall explain the 
method in this appendix. The following procedures are 
executed at each timestep (see Fig. 23). 
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FIG. 23. Notations used for the explanations of 

convective adjustment. 
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1) Compute TK<0>(K=l, 2, · · ·, N) by use of the 
equation 

where TK is the temperature of theKth level at the 
rth time step, (aTK•/at)RAD is the rate of change 
of TK at the rth time step, and At is the time 
interval of forward time integration. 

2) Compute the radiative equilibrium temperature 
of the earth's surface T*Re such that it satisfies 
the relationship 

.50 

.40 

.30 

.20 

.10 

where (SR)*• and (DLR)*• are net solar radiation 
and downward long-wave radiation at the rth 
time step, respectively. 
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Fm. 24. The rate of absorption of solar radiation by H 20. 

3) Compute T N<1> such that it satisfies the relation
ship 

ApN 
Cp--(TN<1>-TN<Ol)=u{ (T*Re)4- (TN(IJ)4}At, 

g 

where ApN is the pressure thickness of the Nth 
layer and u is the Stefan-Boltzmann constant. 

4) If TN<1>-TN_1<0>> (LRC)N-1; (unstable), compute 
TN<2> and TN_1<1> such that they satisfy the 
relationships 

TN<2>-TN-l(l)= (LRC)N-1;, 

{
APN APN-1 } 

Cp -g-(TNC2l-TN11>)+-g-(TN-l(ll-TN-l(Ol) 

=u{ (TNCll)4-(TNC2l)4}At, 

where (LRC)N-1; is the critical (neutral) tempera
ture difference between the Nth and (N - l)th 
level. 

If TN<1>-TN_1<0>< (LRC)N-1; (stable), 

set TN<2>= TN<1> and TN-1<1>= TN-1<0>. 

5) Repeat the following procedures for K = N -1, 
N-2, · · ·, 1. 

If TK(l>-TK-1<0>> (LRC)K-t (unstable), 

compute TK<2> and TK_1<1J such that they satisfy 
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FIG. 25. The rate of absorption of solar radiation by C02• 
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the relationships 

6) Repeat processes 4) and 5) after making the 
following replacement in the equations: 
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7) Repeat process 6) until the layer of supercritical 
lapse rate is completely eliminated. 

Effectively, the temperature of the earth's surface 
at the (r+l)th step (T*'+1) and that of the atmosphere 
at the rth step are used for the computation of net 
radiative flux at the earth's sun face. This method is 
adopted for the sake of computational stability. Since 
we reach the final equilibrium which satisfies the 
requirement described in Section 2a, this inconsistency 
should not cause any error in the final equilibrium . 
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FIG. 27. Emissivity of H 20 from which the contribution of the wave number 

range 550-800 cm-1 is omitted. 

APPENDIX 2 

Absorptivities 

Absorptivity data, which are used for this study, 
were given in Figs. Al-A6 of M.S. In these figures, 
mean slab absorptivities, emissivity, or the rate of 
absorption of solar insolation were taken as the ordinate, 
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FIG. 28. Slab absorptivity •1 and column absorptivity •1 of 

C02 at 300K. Bandwidth is assumed to be 250 cm-1• 

3 

and the logarithm of optical thickness2 was taken as the 
abscissa. The curves which were obtained for various 

·pressures using the experimental data are shown in each 
figure. 

As Howard et al. (1955) suggested, one can attempt 
to parameterize the dependence of the absorptivities 
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FIG. 29. Slab absorptivities of C02 at various temperatures. 

4 

2 In Figs. Al, A2, A3, A4, and AS of M. S., the abscissas show the 
logarithm of optical thickness instead of effective optical thick
ness, which was implied by captions. 
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TABLE 10. Illustration of the 18-level u-coordinate system .60r------------------....-~ 
based on P* = 1000 m b. H denotes the approximate height of 
the level, and t:.p is the pressure thickness of the layer. 

p t;,.p H 
Level " (mb) (mb) (km) 

1 0.0277 2 9 42.9 
2 0.0833 20 25 26.4 
3 0.1388 53 40 20.1 
4 0.1944 99 52 16.1 
5 0.2500 156 62 13.3 
6 0.3055 223 71 11.0 
7 0.3611 297 77 9.0 
8 0.4166 376 81 7.5 
9 0.4722 458 83 6.1 

10 0.5277 542 83 4.9 
11 0.5833 624 81 3.7 
12 0.6388 703 77 2.9 
13 0.6944 777 71 2.1 
14 0.7500 844 62 1.4 
15 0.8055 901 52 0.86 
16 0.8611 947 40 0.46 
17 0.9166 980 25 0.18 
18 0.9722 998 9 0.02 

upon pressure by taking the following effective optical 
thickness Ur as abscissa instead of the optical thickness 
u, i.e., 

where p is pressure, Po the standard atmo·spheric pres
sure, and k the constant to be determined from experi
mental values. It is not-possible, however, to express the 
absorption curves as a function of Ur alone for the wide 
range of pressure and optical thickness covered by · 
Figs. Al-AS of M.S. In order to overcome this dif
ficulty, we limited ourselves to the (p,u) range which 
is usually needed for the present computation of 
radiative convective equilibrium of the atmosphere. 
For example, the combination of a large u and small 
p or that of small u and large pis not encountered in our 
computation. This restriction enables us to construct 
the universal curves which are shown in Figs. 24 or 29. 
The values of absorptivity which correspond to one-half 
integral values of the logarithm of_ optical thickness, are 
plotted in these figures. However, for the 9.6-µ band 
only, the values of absorptivity which are obtained 
from the experiments of Walshaw (19S7) are plotted. 
That part of the (p,u) range which is covered by Figs. 

Level 

1 
2 
3 
4 
5 
6 
7 
8 
9 

TABLE 11. Illustration of the 9-level u-coordinate 
system based on p* = 1000 mb. 

p t;,.p H 

" (mb) (mb) (km) 

0.0555 9 34 31.6 
0.1666 74 92 18.0 
0.2777 189 133 12.0 
0.3888 336 158 8.3 
0.4999 500 166 5.5 
0.6110 664 158 3.3 
0.7221 811 133 1.7 
0.8332 926 92 0.64 
0.9443 991 34 O.o7 

Run Symbol 

.50 
a 0 
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J 

FIG. 30. Slab and column absorptivity of 9.6-µ band of 0 3• 

Run means the run of experiments by Walshaw (1957). Bandwidth 
is assumed to be 138 cm-1. 

Al-AS of M.S., but is not encountered in our computa
tion, is omitted from this compilation. Needless to say, 
it is desirable to use a two parameter u and p. However, 
one parameter u, is adopted here for simplicity of pro
gramming. On page 368 of M.S. the method of obtaining 
aw (Fig. 24) and aC02 (Fig .. 2S) are given. Refer to 
Eq. (13) of M.S. for the definition of e1W (Fig. 26), to 
Eq. (12) of M.S. for the definition of e1w (Fig. 27), and 
to Eqs. (16a), (16b), and (17) of M.S. for the definition 
of e,c02 (Figs. 28 and 29), e1°a (Fig. 30), and e1wov 
(Fig. 26). For the curve of absorption of solar radiation 
by ozone, refer to Fig. A6 of M.S. 

APPENDIX 3 

Both 18 and 9 atmospheric levels are used in the 
present computations. As in our previous computations, 
the location of each level is based on a suggestion by 
J. Smagorinsky. Let the quantity u be defined as the 
following function of pressure: 

Q= PIP*=u2(3-2u), 

where p* is the pressure at the earth's surface and 
assumed here to be 1000 mb. If we divide the at
mosphere into equal u-intervals, the pressure thickness 
of the layer is thin both near the earth's surface and 
the top of the atmosphere. Tables 10 and 11 show the 
u-level adopted for 18- and 9-level models, respectively. 
For our study, we used both 18- and 9-level models. 

In order to compare the equilibrium solutions ob
tained from these two coordinate systems, reference 
should be made to Fig. 31. The standard distribution 
of atmospheric absorbers, which is described in Section 
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FIG. 31. Radiative convective equilibrium of the atmosphere 
from the 9- and 18-level models. See text for discussion. 

2b is used for both of these computations. The coin
cidence between the two equilibrium solutions is 
reasonable. 
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